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We already know how to find the length I of a curve C given in the form y = F(x),
@ = x = b. Formula 8.1.3 says that if ¥’ is continuol contmuous then |
—— ey !
R L= f 1 + ( ) !
|
Suppose that C can also be desctibed by the parametric equanuns x=f({Handy= g(t)
== ﬂ, where dx/dt = f'(f) > 0. This means that € is traversed once, f o
right, as 1 jpereases from e to B and f(a) = @, f(B) = b. Pul T into Formula |
Feana using the Substitution Rule, we obtain ‘
L= j a ﬂ _[ dy/dr |
::bc/dt
Smce du/dt > 0, we have
: A dI 2 dy 1
E L= —_—
[ ‘L \/(dr) l-(dt) dr
Even if C can't be expressed in the form v = F(x). Formula 4 is still valid but we obtain
it by polygonal approximations. We divide the parameter Taterval I o, EI into p subintervals
of equal width Ar. If fo, 11, 1a, . . ., 8, are the endpoints of these subintervals, then x, = f(#,) |
and y; = g(y) are the coordinates of points P;(x;, y;) that lie on € and the polygon with ver- |
Hees Po, Pr, ..., P, approximates € (see Figure 4). .
As in Section 8.1, we define the length L of € to be the limit of the lengths of these :
approximating polygons as n —» o; |
| ! L = lim E | PrsPi| |
The Mean Value Theorem, when applied to f on the interval [7,,, :;] gives a number t; I | MV T ( 4.7 ) P 2% )
- (#i~1, %) such that ‘ -
Fi) _f(ti-«l) = M — t-1) | I s: %’_ ;.;_1 CauiT emp Z:C‘-'%,Lj
Fwelet Ax; = x; — %1 and Ay, = y; = ¥, this equation becomes | - e x
i ! ! =1 ; i ? i& C’JF&— S (-F"t-lﬂy}

Ax = fF(H) Ar : apc
p—— i

Then D € (b)) s,
£ = FO(b-a)

Similatly, when apphecl to g, the Mean Vilue Theorem gives a number #* in (7,_,, 1) aué
that )

Ay = g/(") Ar
el ———— S—

Therefore .
|PisBy| = VX + By 4
= VIF AT T e GIAT. :

= JIFGTE + G IT At

and so
E3 L=1lim 3 JIFGIF ¥ 7EF Ar

y:\
The sum in (5) resembles a Riemann sum for the function /[’ (r)]2 g'(£)]° but it is noy 1

exactly a Riemann sum because 1 # ** in general. Nevertheless, if £ :md g’ are confin.
uous}n can be shown Lhat the hnul n (3) is the same as if 7 and t"“" were equal, namely, - '-';a:-— e i cped

L={"VIFOF F [qOFar

~ Thus, vsing Letbniz notatmn we have the fu]]owmg result, wluch has the same form
as (4). |
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